In this study, the problem of lean propane-air premixed flame acceleration from closed to open end during the early stages of burning in small-size tubes with isothermal walls was considered. In particular, the effects of tube radius, slip/non-slip wall conditions, and the wall temperature on the flame propagation and shape were investigated numerically. Five stages of flame propagation are identified: 1) spherical expansion of the flame front; 2) finger shape expansion of the flame front before touching the wall; 3) flame propagation in the tube subjected to flame-wall interactions; 4) transformation of the flame shape into tulip form; 5) conversion of the tulip shape flame to finger. Our results show that the tube radius, wall condition and its temperature significantly affect flame propagation regimes even in the first instance of the flame propagation in the tubes. We find that increasing tube radius has, overall, the effect of increasing the flame propagation speed in isothermal tubes. Also, depending on tube radius and wall condition, the wall temperature can increase or decrease the flame propagation speed in the isothermal tubes. Furthermore, the results demonstrate that imposing either slip or non-slip condition on the tube's walls impressively affects flame acceleration and its configuration in the early stages. We observe that, unlike flame propagation forms in the tubes with slip walls, the early exponential flame propagation phase in the tubes was generally followed by a linear flame propagation phase in the tubes with a non-slip wall condition. We obtain that flame propagation in tubes with slip wall conditions are more sensitive to variations in tube radius and wall temperature compared to non-slip conditions. We also see that, contrary to the exponential flame propagation phase, increasing the non-slip wall temperature reduces the flame propagation speed in the linear part of the flame propagation, while such an increase in temperature leads to oscillations in the flame propagation speed in the tubes with slip walls.
Introduction
Predicting flame shape and acceleration in confined spaces and chambers is vitally important for safety issues and designing meso-and micro-scale combustors. In terms of safety issues, it stands behind many disasters like explosions in pressure vessels, power plants, and mining accidents producing heavy damage and costing hundreds of lives almost annually [1] . Also, designing reliable and efficient meso-and micro-scale combustors/reactors highly depends on the accurate prediction of flame shape and acceleration in small size combustors. In fact, it could help designers to better understand and control hydrodynamic and thermodiffusive instabilities in small-scale combustors and consequently increase their combustion efficiency. In this regard, the most typical geometry in considering safety issues and energyproduction devices corresponds to relatively long channels, with the flame propagating from a closed channel end to an open one. The first qualitative explanation of flame acceleration in tubes with smooth walls was suggested by Shelkin in the 1940's (see, e.g., [1] [2] [3] [4] ). Shelkin related the flame acceleration to non-slip conditions at the tube walls and to flow turbulence. Burning gas expands within the flame front and generates a flow in the fuel mixture. According to the Shelkin mechanism, non-slip channel walls make the flow non-uniform, which bends the flame, increases the burning rate, and leads to a stronger flow. The positive feedback between the flame and the flow results in flame acceleration.
It was shown in [5] that the early stage of the flame propagation in small size tubes is divided into three distinct parts: (1) propagation at a constant velocity; (2) deceleration;
(3) exponential acceleration. It was found that the early stages of flame propagation have a determining role in flame propagation scenarios in small-sized tubes. In research reported in [6] , it was shown that flame acceleration in an adiabatic tube with slip wall conditions is strongly dependent on the initial ignition geometry. This finding was also confirmed in [7, 8] , which showed how different ignition methods could affect the flame shape and its propagation regime in such tubes/channels. In other research [9] , it was demonstrated that flame acceleration in adiabatic channels can be intensified by increasing the thermal expansion coefficient Θ and decreasing the tube diameter (or Reynolds number). Also, it was shown in [10] that the minimum width of the preheated zone that may lead to supersonic flame front speed was about 17-25 times the laminar flame thickness.
In a series of theoretical and numerical studies reported in [11] [12] [13] , it was demonstrated that, independent of the channel height, the flame accelerates at a nearly constant rate during the early stages of propagation. They confirmed that premixed flames in long, finite channels could self-accelerate, so that their propagation velocities may reach values which are ten to twenty times larger than the laminar flame speed [11] . Moreover, it was shown that the imposed boundary conditions at the end of a channel have a significant effect on the flame propagation modes [13] . This research also indicated that the boundary condition at the ignition place can affect the flame propagation regime in adiabatic channels [12] .
Moreover, it was reported in [14] that the thermal boundary conditions and the channel height play critical roles in the propagation scenarios of premixed acetylene-air flames in small-sized channels, such that increasing the channel height may increase the possibility of formation of tulip-shaped flame fronts in such channels. Also, it was shown in [15] that the presence of a perturbation on the flame surface plays a crucial role in the flame acceleration in the tubes. Other experimental research [16] found that, depending on mixture composition and the length of tube, pressure oscillation may lead to an oscillatory effect on the flame propagation trajectory in the tube. In addition, it was investigated in [17, 18] that, depending on the tube diameter and the deviation in temperature, the effect of the temperature profile on the flame propagation speed and flame shape can be significant. Also, imposing non-slip conditions on walls could double the flame propagation velocity with respect to slip conditions under elevated temperature cases.
As mentioned above, to obtain a fundamental understanding and attain the technological control of flame evolution in small size tubes, a reliable quantitative model of flame acceleration is still greatly needed. However, until now, most of theoretical and numerical work on flame evolution in small-sized channels/tubes have been performed within the simplified model of channels/tubes with either negligible heat loss to the walls or almost cold isothermal wall conditions. While this has allowed for progress in understanding the basic mechanisms and properties of flame evolution, the actual process involves inevitable losses. Also, according to the literature, it can be found that although various boundary conditions (such as different velocity profiles, slip/non-slip conditions on the inner walls, and constant wall temperature) have been imposed on flow fields in the tubes, the effects of elevated wall temperatures or the early stages of flame propagation from a small size kernel to a propagating flame front in isothermal wall tubes have not been studied. In fact, in the various studies cited above, the cumulative effects of the studied parameters on the early stages of fuel-lean flame propagation in small-sized, one-end closed isothermal tubes with cold/hot walls and slip/non-slip wall conditions have not been investigated simultaneously in a research paper.
In this regard, we present here a detailed numerical investigation of the effects of isothermal elevated wall temperature ( 300 K), tube radius, and wall condition (slip/non-slip) on the early stages of the flame evolution process in one-end closed tubes. In particular, we consider the simultaneous effects of various boundary conditions on flame evolution pattern in small-sized, one-closed end tubes. Focusing on micro-combustion schemes, the purpose of the present work is to develop a numerical understanding of the early stages of flame acceleration into a real design tool for predicting the key flame acceleration stages. By studying the early stages of flame evolution in small size one-closed end tubes, the understanding gained here may be useful for optimization of DDT (Deflagration-to-Detonation Transition)-based devices of energy production, such as small-sized pulse-detonation engines and micro-combustion devices, and improving energy safety.
In the following, we first briefly present the theory behind the problem at hand. Section 3 then details the numerical approach used, which is validated in Section 4. The results and presented and analyzed in Section 5, and we end the paper with a summary and conclusions.
Theory
In this section, we present an overview of the results of the theory of the early stages of burning of a premixed hydrocarbon fuel-air flame in a one-end closed adiabatic tube, as developed by Bychkov et al. [6] . Only the resulting equations are presented here, and we refer the reader to [6] for a detailed description of the methodologies and assumptions used. For the expansion factor
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As mentioned in [6] , these solutions describe the flame front behavior during the τ sph < τ < τ wall time interval. The above results, accompanied by the available experimental data [19] , will be applied in the following for validating the numerical results obtained in the present study.
Numerical Modeling
A schematic view of the applied physical domain in the current simulations is depicted in Fig. 1a . As can be seen, the length of the applied closed-end tube, L, is 60 times the tube radius R. For the sake of considering the probable effect of the tube length on the flame propagation in the tube, another tube with length of 100R is also modeled and its results have been compared with the results of a tube 60R in length. A detailed discussion in this regard is presented in Section 4. Also, the tube radius is expressed relative to the preheat zone thickness of the unstretched laminar flame of the applied fuel-lean propane-air mixture under adiabatic conditions,
with tube radii R = 10L f , 20L f , and 30L f . As implicitly shown in Fig. 1b and presented in Table 1 , the tube was filled with a non-stoichiometric, premixed propane-air mixture with equivalence ratio Φ = 0.7. The value of the unstretched laminar adiabatic flame speed U f in these conditions is taken as 0.217 m/s [20] . According Eq. 7 and the applied reactive mixture [6, 19, 20] , the thickness of the flame preheat zone was calculated as L f = 8.34 × 10 −5 m. Due to the axisymmetric geometry of the tube, and for the sake of reducing the computation cost, only one half of the tube was modeled. Thus, it is seen in Fig. 1b that the tube is modeled as a wedge with the wedge angle of only 2 • , eliminating 3D flow field motion effects on the results. These wedge patches are empty surfaces which simulate the axisymmetric condition in the Fig. 1 a Schematic view of the applied geometry and physical domain in the current study. b Schematic view of the defined geometry (right) and the applied initial kernel for commencing the ignition (coordinate axes: y (radial direction)-x (axial direction)) modeling. As depicted in Fig. 1b , the initial temperature (T 0 ) and pressure (P 0 ) of the reactive mixture in the tube are 300 K and 10 5 Pa, respectively. Also shown is the initial hot kernel of burnt gas applied for simulating the ignition. It is believed that such an ignition initiation is similar to reality. As seen in Fig. 1b , the kernel's (hemispherical) radius r is about 3-4 times the unstretched laminar adiabatic flame speed L f . In this study, due to the fact that only the early stages of burning are modeled (0 < t < 0.005 s), it is assumed that the flow is completely laminar and simultaneously compressible due to significant variation in density of the gases before and after the flame front (Θ), which is in the range 6-8. In other words, due to the fact that evolving the flame front from the kernel shape to a finger shape in the tube pushes the unburned reactive mixture towards the outlet, therefore, for flow that is laminar when Re < 2300 and turbulent when Re > 4000, it is in transient form when the Reynolds number is in-between. In this study, it is seen that the flow field is mostly laminar in the tube under the various boundary conditions applied, for the simulation time t < 0.005 s.
The time-dependent conservation equations of mass, axial and radial momentum, energy, and species are solved for the laminar, compressible, 2D-axisymmetric, and transient reactive, multi-species flows as follows:
-Species conservation (see Appendix for details)
-Momentum
In Eqs. 8-10, the indices i, j , and k label the directions (z or axial), with the exception of Eq. 9, where k indicates one of the five species: C 3 H 8 , O 2 , N 2 , CO 2 , or H 2 O. In Eq. 10, the viscosity of a mixture μ mix was calculated from Wilke's mixture rule [21] :
The dynamic viscosity of each species is calculated using Sutherland's equation as [22] 
where the coefficients A S and T S usually are 1.67212 × 10 −6 and 170.672, respectively. Also, the equation for conservation of energy in the gas phase is, in terms of the sensible enthalpy h s is
where
with ϕ ij given by Eq. 12 [21] . In the study, it is assumed that the gas-phase species behave as ideal gases. Thus, the thermal equation of state becomes
The mole and mass fractions are related by
The temperature T is obtained from the caloric equation of state,
Here, T std is the standard temperature, which is defined based on the formation enthalpies, usually T std = 298.15 K. The standard-state thermodynamic properties of ideal gases being mostly dependent on temperature, the standard molar specific heat at constant pressure for species k can be calculated as
where the superscript • denotes the standard state. Similarly, the standard-state values of the molar enthalpy (H • k ) and the standard-state molar entropy (S • k ) can be computed by
n=1 a n,k T n n + a 6,k .
Further, due to the fact that the specific heats and the enthalpy of ideal gases are mostly dependent on temperature, thus, in the above equations, the superscript • of C • p,k and H • k can be dropped.
In the current study, the numerical computations were carried out using a finite volume scheme, using the OpenFOAM CFD toolbox [23] (http://www.openfoam.com), to solve the transient, laminar, and reactive flows. The pressure-velocity coupling was modeled using PIMPLE, which is a merged type of SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) and PISO (Pressure-Implicit Split Operator) algorithms developed into a collocated mesh. In this study, for the Navier-Stokes, energy, and species conservation equations, the time derivatives were solved with an Euler scheme (first-order, bounded, implicit), the convective term (divergence) with Gauss [linear interpolation (central differencing), MUSCL (Monotonic Upstream-Centered Scheme for Conservation Laws), and improved version of MUSCL with ψ = 0), the diffusive term (Laplacian) with Gauss (linear orthogonal), the gradient with Gauss (second order, Gaussian integration, second order, unbounded], and the interpolation terms with linear interpolation (central differencing). The accuracy of approximation for all diffusive and convective terms is of 2nd order. The density matrix was solved by a diagonal solver. Also, the preconditioned conjugate gradient solver (PCG) was chosen to solve the pressure matrix. For velocity, enthalpy, kinetic energy, and dissipation field matrices, a preconditioned bi-conjugate gradient (PBiCG) solver was used. Moreover, in this study, the rhoReactingFoam solver of OpenFOAM was applied. This solver, which is developed based on the density-based thermodynamics package, can be efficiently used for modeling the time-dependent combustion processes accompanied by several chemical reactions. The fluid-flow chemistry interaction was modeled using a laminar, finite rate scheme. Therefore, in the applied libraries, the ordinary differential equations (ODEs) system was solved using the semi-implicit Bulirsch-Stoer (SIBS) chemistry solvers. This is a reliable and efficient solver which is recommended for stiff systems of ODEs. Furthermore, it should be noted that in the applied code, the effect of internal and external radiation was ignored.
In order to keep the computation time reasonable while acquiring general knowledge about the flame propagation in isothermal tubes, the fuel-lean propane-air chemical reactions in the combustion domain were calculated by a single-step irreversible global reaction model as [7, 8, [17] [18] [19] [20] 
As mentioned previously in the literature [7, 8, [17] [18] [19] [20] , a single-step irreversible global reaction is still valid for presenting the effects of external perturbations on the flame front behavior in such tubes. Therefore, according to the above reaction, the fuel consumption rate (ω C 3 H 8 ) is given by the Arrhenius reaction ratė
where the activation temperature is T a = E a /R u = 15106 K for propane, with the activation energy E a = 1.256 × 10 5 J/mol [7, 8] . This reaction model fundamentally follows the study of Westbrook and Dryer [24] . It should be noted that the pre-exponential factor A should be re-adjusted to match the burning velocity of the working reactive mixture since it depends on several parameters such as computational mesh sizes, equivalence ratio, and the method of evaluating mixture properties. In our case, the value used is 2.40 × 10 12 cm 3 mol s 1.333 0.75 . Also, it should be mentioned that the application of the single-step irreversible global reaction model could significantly reduce the stiffness of the system of equations and the computation time.
In the present study, the characteristics of the early stages of flame propagation in a fuellean (Φ = 0.7) propane-air mixture from a kernel shape to a wrinkled/stretched flame front in isothermal tubes is investigated. According to [20] , the unstretched laminar adiabatic flame speed S L of such a mixture with an equivalence ratio of 0.7 is about 0.217 m/s. As illustrated in Fig. 1a , we consider a one-ended tube, with the closed end an adiabatic wall, while the outside wall is at a constant temperature (in the range 300 to 900 K), with either a non-slip or slip boundary condition for velocity. The pressure at the open end of the tube is set to 10 5 Pa. Specifically, the boundary conditions on the physical domain are set as follows:
with i = 1, 2, 3 labelling the dimensions and j = 1, . . . , n the chemical species. The other surfaces have been considered as empty faces. The initial condition corresponds to a hemispherical ignition kernel, using the Zeldovich-Frank-Kamenetsky solution [25] for the distribution of temperature,
where ξ ≡ r 2 + x 2 , and chemical species,
Validation
Validation of the numerical approach used in this work can be done using several methods, including making comparisons with the available experimental data (e.g., [19] ) and with the relevant theory as presented in [6] and summarized in Section 2. This is shown in Fig. 2a and d, for the particular case of the early stages of burning of the fuel-lean propane-air mixture (with an equivalence ratio of 0.7) in a tube with adiabatic walls. It should be noted that in the present study, the flame tip position along the tube axis (Z tip ) is determined from where the propane concentration on the symmetry axis starts to decline. 
Propagation of a propane-air flame front in a cylindrical tube with isothermal or adiabatic walls, for different tube length L and radius R, slip/non-slip walls, wall temperatures T w , and mesh sizes (0.2L f , unless noted otherwise). Comparison is made to the experimental results of Clanet and Searby [19] and the theory of Bychkov et al. [6] We see from Fig. 2 that the numerical simulation satisfactorily predicts the flame position and its propagation behavior in comparison to experimental and theoretical results. Also, it can be inferred that compared to the experimental results [19] , the numerical scheme used in the present study can predict the flame propagation regime in the adiabatic tube more accurately than previous simulations [6] . According to the results of the present study of the flame acceleration region ( Fig. 2a,d ; τ < 0.35), the maximum deviation of the numerical results from the experimental ones is acceptably about 8%. However, it increases to 20% at time τ = 0.4, probably due to a violation the assumption of adiabatic walls in the experimental tests [19] .
Mesh size
In order to increase the precision of the computations, the effect of the mesh size was conducted based on the procedures described by Zarvandi et al. [26] , Baigmohammadi et al. [27] [28] [29] , Alipoor and Mazaheri [30] , Akkerman et al. [31] [32] [33] , and Bychkov et al. [6, [34] [35] [36] . Therefore, as shown in Fig. 2a , two uniform structured quad meshes with cell sizes of
were examined and their respective non-dimensional flame tip positions were calculated. It can be clearly seen in Fig. 2 that the refinement of the mesh sizes to 0.1L f has no appreciable effect on the final results of the simulation. In order to keep computation times within a reasonable range, subsequent calculations were performed using a cell size of 0.2L f . Table 2 presents the number of computational cells used for the various Reynolds numbers.
Length of the tube
As previously mentioned in the literature [16] , tube length may affect flame propagation regimes in non-adiabatic tubes. In fact, there is a minimum tube length that makes the flame propagation regimes in the tube independent of the tube length. Thus, in this section, for the sake of making the results independent of the tube length, the effect of increasing the tube length on the final results, especially non-dimensional flame tip position versus nondimensional time, is investigated. It can be seen in Fig. 2 that increasing the tube length from 60 times the tube radius R (denoted L60R) to 100 times (denoted L100R) has no considerable effect on the results, so that it can be inferred that our results are basically insensitive to variation in the tube length. However, increasing the tube length from 60R to 100R almost doubles the computation times, therefore a tube length of 60R has been chosen for most computations.
Results
We have studied the effects of various parameters on the early stages of burning of a fuel-lean premixed propane-air mixture. The results are presented below in three distinct subsections for improved clarity.
Flame propagation stages
As partly indicated in Fig. 3 , independent of the reactive mixture and all boundary conditions, the flame shape evolution from a small-size kernel to a flat or curved flame front during the early stages of burning of a still, premixed reactive mixture in a one-ended closed tube consists, generally, of four main stages [6, 19] : (1) evolution from a kernel to a hemispherical propagating flame; (2) evolution from a spherical to a finger-shaped flame front;
(3) evolution from a finger-shaped flame to a tulip-shaped one; and (4) evolution from a tulip-shaped flame to a finger-shaped one. According to these flame evolution stages, there are four representative critical non-dimensional time stages which can describe the flame propagation styles at the early stages of burning in combustors. As indicated in Fig. 3 , these time stages are τ sph , where the flame front propagates in a hemispherical shape; τ wall , when the flame front touches the wall; τ finger-tulip (Tfinger-tulip), when the flame front shape changes from a finger shape to a tulip shape; and τ tulip-finger , when the flame front shape changes from a tulip shape to a finger shape again. Thus, as seen in Fig. 3 and Table 3 , and according to [30] , the present simulation can capture all the critical non-dimensional times (e.g., τ sph , τ wall , and τ finger-tulip ) of the flame evolution in the tube, compared to the theory which only captures the first two stages. As seen in Table 3 , the maximum deviation between the experimental and the numerical results is about 18%. This deviation may be related to the effect of other parameters, such as the tube radius, non-adiabatic condition on the real tube wall, and the propane-air overall chemistry scheme which has been applied in the present study. In fact, these parameters can strongly influence the flame thickness and its propagation speed and also the effect of heat loss on the flame front in the tube. As is known, these influence factors can significantly govern the flame propagation regime in every combustion device. It should be noted here that there is an uncertainty in the computed values of τ due to the graininess of snapshots in time from our simulation. It can be seen in Fig. 3 that there is a good compatibility between the theory, the experimental data, and the numerical results of the present study for times shorter than τ ≈ 0.3. For τ > 0.3, the first signs of hydrodynamic instabilities on the flame surface appear, which makes the flame surface wrinkled. This wrinkling causes a deviation between the theoretical and the numerical and experimental results. In fact, the theory is not able to precisely predict the early stages of burning in such small-sized tubes after the point where the flame's trailing skirt touches the tube wall, due to the limitations and restrictions of the theoretical model. Thus, the folding and wrinkling of the flame front leads to a significant reduction in the flame acceleration, violating the exponential propagation of the flame front in an adiabatic tube from τ ≈ 0.3. A further discussion of this point is presented in the following sections.
Effects of tube radius and wall temperature
In this section, the effects of variations in the tube radius and the tube wall temperature on the flame propagation regime in small-size tubes are considered. In this regard, three tube radii R of 10L f , 20L f , and 30L f , accompanied by four uniform wall temperatures of 300 K, 500 K, 700 K, and 900 K, have been chosen. The motivation for the selection of these values is based on the validity of the solutions for laminar flows and also for preventing the selfexplosion of the reactive mixture by the heated wall temperature, for the tube radius and wall temperature, respectively. The effects of these parameters is seen in Figs. 4, 5, 6, 7 and 8, with detailed results about the variation of the flame front position versus time on the tube axis presented in Fig. 4 and flame profiles at the early stages of burning plotted in Figs. 5-8, for both slip and non-slip wall conditions.
Exponential and non-linear regimes of flame propagation
It is seen in Figs. 4-8 that the early stages of burning from a small kernel in small-sized tubes with isothermal walls, independent of slip or non-slip wall conditions, are comprised of two main regimes of exponential and semi-linear flame propagation. The semi-linear part of the flame propagation in the isothermal tubes can present either a positive or a negative slope, which can consequently lead to progressive or regressive flame propagation speeds in the isothermal tubes, respectively. For instance, it can be observed in Fig. 4b that the early stages of flame propagation in a tube with the isothermal wall temperature of 300 K and non-slip wall condition, show first an exponential and subsequently a semi-linear trends during the time intervals 0 < τ ≤ 0.3 and 0.3 < τ ≤ 0.65, respectively. However, the semi-linear trend is disturbed or even absent when increasing the inner radius and the wall temperature of the tubes with slip walls.
It is noteworthy that, independent of either slip or non-slip condition on the closed-end of the tube, the exponential evolution of an initial ignition kernel in the isothermal-walled tubes almost obeys the trend which was already predicted by the theory for the hemi-bubble shape propagation of the flame front at the early stages of burning before touching the wall. However, a while after the flame's trailing skirt touches the wall, the flame front gradually starts to decelerate in a semi-linear fashion due to the cooling effect of the isothermal wall on the flame temperature and also to the curvature/stretch in the tubes with either slip or non-slip walls.
Effects of tube radius
It can be seen in these results that increasing the tube radius and the wall temperature have different effects on the flame propagation in the tubes with slip or non-slip walls. It is seen in Fig. 4 that although increasing the wall temperature in a tube with R = 10L f and either slip or non-slip walls has a monotonic increasing effect on the flame propagation speed in the tube, its effect on the flame propagation speeds in the tubes with R = 20L f and 30L f is completely different. It can be observed in Fig. 4 that increasing the tube radius significantly changes the flame propagation style in the early stages of the propagation in both of the isothermal tubes (with slip or non-slip walls) due to its influence on the critical time stages (τ w ), the flame-wall interaction (heat generation versus the wall's cooling effect), and the occurrence of hydrodynamic instabilities on the flame front. In this regard, it is seen that although increasing the tube radius leads to an oscillating behavior of the flame tip position a b in the isothermal tubes with slip walls, with non-slip walls the flame tip position and propagation speed only increases with the tube radius. As seen in Figs. 5-8, increasing the tube radius makes the flame front more prone to be wrinkled by the occurrence of hydrodynamic instabilities on the flame surface which is very sensitive to the ratio between the flame thickness and the tube radius. As mentioned previously by Senchenko et al. [37] , hydrodynamic instabilities may threaten the stability of a planar flame front in a gaseous fuel when the cut-off wavelength is larger than 20L f . Also, it is depicted in Fig. 4 that increasing the tube radius can intensify the effect of the slip or non-slip condition on the flame propagation at the early stages of burning. This means that the flame evolution in the isothermal tubes with slip walls is very sensitive to perturbations which can change the positive flame stretch to a negative one. In fact, as seen in Fig. 9b , increasing radius of a tube with slip wall condition, when the flame thickness is constant, can make the flame front more prone to be bended from "position 1" to "position 2" by any sufficient pressure gradient between the flame up-and down-stream due to an increasing ratio between the tube diameter and the flame thickness, 2R/δ t . This matter can be intensified by the sliding of the flame front on the walls which in fact increases the flame susceptibility to such a deformation due to its reducing effect on the positive stretch of the propagating flame front in the isothermal tubes. Such an analysis can be verified by the flame profiles depicted Figs. 5-8. Unlike the slip wall condition, as can be seen in Fig. 9c,   Fig. 8 Flame evolution in a tube with isothermal wall and radius of 30Lf, with non-slip wall condition: a T wall = 300 K; b T wall = 900 K the non-slip wall condition can significantly increase the flame strength against changing the flame shape from "position 1" to "position 3" due to the increasing effect of the non-slip wall on the positive stretch of the flame front. This effect can be intensified by increasing the tube radius, which can lead to an increased effect on the flame positive curvature/stretch and the ratio between the heat generation and the wall cooling rates in the tubes with the non-slip walls, as support by the results in Figs. 5-8.
Furthermore, we observe in Fig. 4 that increasing the radius of the tubes with slip conditions and elevated temperature isothermal walls (T wall ≥ 500 K) disturbs the flame propagation after touching the wall of tubes with a radius ≥ 20L f . This is due to the fact that the simultaneous increase of the tube radius and its wall temperature can significantly intensify the occurrence of hydrodynamic instabilities in the tubes with slip walls due to a reduction in the flame thickness and the preheating of the still, reactive mixture. As seen in Figs. 5-8 , under such a condition, elevating the slip wall temperature can significantly increase the flame negative stretch due to boosting the flame propagation speed in the vicinity of the tube wall. Indeed, as depicted in Fig. 9b , increasing the tube radius accompanied by increasing the wall temperature makes the flame front more prone to be easily deformed from "position 1" to "position 2" due to an increase in the flame speed near the wall and also an increase of the ratio between the flame thickness and the tube radius. Therefore, the superposition of these conditions can cause more complex time-varying flame shapes in the tubes which can lead to such an irregular oscillatory flame propagation in the tubes with elevated-temperature slip walls.
Moreover, it is seen in Fig. 4 that although increasing the radius of a tube with non-slip wall intensifies the effect of wall temperature on the flame propagation speed in the tube, its effect attenuates the influence of the wall temperature on the flame propagation speed in the tubes with the slip walls. The main reason of such a phenomenon can be found in Figs. 5-8. It can be inferred that by increasing the tube radius, the flame curvature and consequently its propagation speed in the tubes with non-slip walls are almost governed by the effect of wall temperature on the flame curvature in the tube, while the flame curvature and its propagation speed in the tubes with slip walls are almost controlled by the tube radius. In fact, as mentioned above, according to the ratio between the flame thickness and the tube radius, increasing the tube radius increases the possibility of hydrodynamic instabilities on the flame surface in the tubes with either slip or non-slip walls. As is known, the occurrence of hydrodynamic instabilities can increase or decrease flame propagation speed in the tubes by increasing or decreasing the flame curvature/surface in the tubes. Under such a condition, it can be seen that the effect of wall temperature on the flame surface and curvature is more pronounced by increasing the tube radius due its significant effect on the flame curvature and its propagation speed near the wall. Unlike tubes with non-slip walls, one can observe in Figs. 5-8 that the effect of the wall temperature on the flame surface and curvature in the tubes with slip walls is decreased by increasing the tube radius due to more sensitivity of the flame front to tube radius compared to the wall temperature. In fact, by increasing the radius of the tubes with slip walls, resulting in the appearance of a hydrodynamic instabilities on the flame surface in such tubes, the effect of the wall temperature on the flame shape and curvature is mostly changed from a primary role in the tubes with non-slip walls to a supportive one in the tubes with slip walls, which can intensify the change in the flame shape, especially near the wall.
Effects of wall temperature
From Fig. 4b and c , we see also that although increasing the non-slip wall temperature increases the flame propagation speed in the exponential part, it has a decreasing effect on the linear part of the flame acceleration in the early stages of burning in the isothermal wall tubes with non-slip wall condition. In this regard, it can be seen in Figs. 5-8 that, on one hand, increasing the wall temperature can increase the flame propagation speed in the exponential part (< τ w ) due to the preheating effect of the wall temperature on the reactive mixture which can consequently lead to a more stretched flame front with much faster propagation speed in the tubes. On the other hand, increasing the wall temperature can reduce the flame propagation speed in the linear part due to its decreasing effect on the flame curvature and stretch in the tube. As seen in Figs. 5-8 , an increase of the flame propagation speed near the non-slip tube wall reduces the flame's positive stretch (reducing the flame's surface), causing a significant reduction in the flame speed in such tubes. As seen at τ = 0.003 s in Fig. 8b , this difference between the flame propagation speed on the tube axis and near the tube wall can fold the flame front, slowing the propagation of the flame front in the tubes with non-slip walls.
Effect of wall velocity boundary condition
The effect of the wall velocity boundary condition (slip or non-slip) on the flame tip position on the tube axis is shown in Fig. 2 . It can be seen in Fig. 2d that imposing the non-slip condition on the wall can exponentially increase the flame acceleration in an adiabatic tube, while the slip wall condition can significantly suppress flame acceleration, especially after that the flame skirt touches the walls. As schematically illustrated in Fig. 9a -c, this can be due to the fact that imposing the non-slip wall condition can increasingly strengthen the flame front against the flame folding and negative flame stretch in the tubes. In other words, the non-slip walls can significantly increase the positive stretch of the flame front towards the unburned mixture in the tubes so that, as depicted in Fig. 2d , such a positive stretched flame front can almost follow the theory trend for predicting the flame propagation in the adiabatic tube due to exponential effect of the positive stretched flame front on the flame propagation in the tube. It should be noted here that the flame stretch is positive when its convexity is towards the unburned mixture and inversely its stretch is negative when its concavity is towards the unburned mixture. Thus, it is seen in Fig. 2 that imposing the nonslip condition on the tube wall, which is in close contact with the still, reactive mixture in the tube, can increase the flame acceleration at the early stages of burning by at least more than a factor of two compared to the slip condition. (For a theoretical analysis of the phenomenon, see, e.g., [38] [39] [40] .)
Here, we should note that although the presence of wrinkling/stretch on the flame surface, as shown in Fig. 10 , can increase the flame surface, it also changes the local burning rate. In this regard, one can see in Fig. 10 that the heat release in the vicinity of the wall is higher than at the center. In fact, increasing the flame stretch and the flame surface has two distinct effects on the flame front propagation regimes in confined chambers. The effect of flame stretch on the flame propagation style in a confined chamber can be affected by parameters such as slip/non-slip wall, heat/non-heated wall, positive or negative stretch conditions, Lewis number, diffusion time scales, steady or non-steady propagation, etc. [41] [42] [43] It has been already shown by Bell et al. [41] and Tseng et al. [43] how changing in the flame stretch could affect the wrinkling pattern on the flame surface and the flame's local propagation speed in accordance with the Lewis number and the Markstein length.
In contrast to the non-slip case, isothermal tubes with the slip wall condition has an increasing-decreasing effect on the flame acceleration at the early stages of burning in the tubes due to complex interactions between the decreasing flame curvature/stretch and the increasing effect of the mixture preheating on the flame speed in the tubes. In fact, by considering Figs. 5-8, it can be inferred that increasing the slip wall temperature can disturb and (sometimes) reduce the flame propagation speed in the tubes due to intensifying distortions and folding of the flame surface. In addition, it is seen in Fig. 4b and c that increasing the non-slip wall temperature moves the starting point of the linear part of the flame propagation to shorter times, due to the increased propagation speed in the earlier exponential part because of the elevated wall temperature. Furthermore, by comparing Figs. 5b and 6, it can be inferred that slip and non-slip wall conditions can strongly affect the flame propagation speed in the isothermal tubes due to a significant effect on the flame shape at the early stages of burning. Figure 5 illustrates that increasing the slip wall temperature can impressively influence the flame shape near the wall due to the significant increase of the burning rate in the vicinity of the tube wall and also increasing the flame susceptibility to perturbations caused by pressure oscillations in the tube. In combination, they strongly change the flame shape in the time interval t = 0.001 s to 0.004 s. For non-slip walls, Fig. 6 , the effect of elevated wall temperature is reduced, leading to less distortion of the flame surface. As already shown in Fig. 9 , the non-slip wall condition can significantly increase the flame strength against perturbations caused by pressure oscillations in the tubes by imposing an increasing positive stretch on the flame surface. In this regard, it can be observed in Figs. 11 and 12 that there is an accumulated pressure in the flame downstream when the flame front starts to have a negative stretch or tulip shape. Indeed, the presence of a notable difference in pressure down-and up-stream makes the flame front prone to bending, depending on the ratio between the flame thickness and the tube radius, slip or non-slip wall conditions, positive or negative flame stretch, and the wall temperature. As seen in Fig. 11 , the presence of accumulated pressure in the flame downstream during the time interval t = 0.0015 s to 0.0025 s, significantly influences the flame shape in a tube with a slip wall at a temperature of 900 K, since all conditions are present for such a flame behavior.
Unlike the slip wall condition, it can be seen in Figs. 6 and 12 that the non-slip wall condition can postpone the transition of the flame front shape from the positive stretch to the negative one in the last time stages (t > 0.0045 s). In this regard, Fig. 12 shows that using non-slip wall condition completely disturbs the pressure field in the tube, so that there is not a significant gradient in the pressure field when the flame front is changed from the positive stretch to the negative one. However, it is seen that, compared to the slip wall case, the pressure accumulation in the tube is increased by passing the time before that the flame shape is changed to the negatively stretched flame front. Also, it can be understood from Fig. 12 that as compared to the tubes with slip walls, changing the flame shape from the positively stretched flame front to the negatively stretched one happens in higher pressures accompanied by a smaller gradient in the pressure field in the tubes with non-slip walls.
Interplay between wall temperature and slip/non-slip conditions
It is seen in Fig. 6 that increasing the temperature of a non-slip wall (from 300 K to 900 K) significantly reduces the flame surface and simultaneously increases the flame susceptibility to various instabilities which can lead to extensive wrinkles on the flame surface. As mentioned above, this effect of wall temperature on the flame shape can be related to various parameters such as the increasing effect of wall temperature on the mixture burning rate near the wall and also reducing the ratio between the flame thickness and the tube radius which can significantly intensify the occurrence possibility of various instabilities (especially of hydrodynamic type) in the tubes. Therefore, as discussed before, independent of slip or non-slip wall conditions, this effect can significantly disturb the flame propagation at the early stages of burning in the isothermal tube with elevated wall temperature. Similar behavior can be seen in Fig. 8b . However, by comparing Figs. 6 and 8b, one can maintain that the transition from positively stretched flame front to negatively stretched can happen at te earlier time stages of the flame evolution (0.002 s < t < 0.003 s) due to an increase of 2R/δ t and of the pressure gradient between the flame up-and down-stream in the tube. The latter can be inferred by a simple comparison of Figs. 12 and 13 .
In addition, Fig. 7 shows that increasing the temperature of a slip wall (from 300 K to 900 K) has an oscillating effect on the flame surface in the tubes. As seen in Fig. 7a , the flame front curvature in a tube with a cold slip wall (T wall = 300 K) is changed from positively stretched to negatively stretched between times t = 0.003 s and t = 0.004 s, so that it leads to a significant reduction in the flame surface. However, the flame surface is gradually increases from t = 0.004 s to t = 0.005 s. By increasing the wall temperature to 900 K, one can see in Fig. 7b that the transition of the stretched flame front from the positively stretched to negatively stretched occurs earlier, between t = 0.002 s and t = 0.003 s, due to the elevated wall temperature increasing the mixture burning rate near the wall and decreasing the flame thickness, which increases 2R/δ t . Under such conditions, the flame surface is decreased to its minimum value at t = 0.003 s (τ ≈ 0.26). Afterwards (t > 0.003 s), the surface of the negatively stretched flame front starts to grow again. Such a behavior leads to an oscillation of the flame position and its propagation style in the tubes with isothermal slip walls. In this regard, further information can be obtained by considering the pressure field in the tubes, Figs. 14 and 15 . We see again that the flame front deformation from positively to negatively stretched occurs when there is enough accumulated pressure in the flame downstream in the tube. This accumulated pressure leads to a positive pressure gradient in the tube between the closed end and the open one which, in certain conditions, can deform the flame shape in tubes with slip walls. One can also see in these figures that increasing the slip wall temperature in a tube of radius 30L f increases the accumulated Fig. 15 (t = 0.0025 s). Such a behavior is, to a lesser extent, also observed in the other cases presented here.
Furthermore, it is shown in Figs. 7 and 8 how imposing the non-slip wall condition can influence the flame shape and its propagation style in the tubes with isothermal wall. However, the effect of non-slip walls is more prominent in tubes with the cold walls (T wall = 300 K). In this regard, we seen that imposing the non-slip wall condition completely suppresses the flame's negative stretch in the tubes with cold walls, while its effect on the transition time from the positively stretched flame front to the negatively stretched one in the tubes with the elevated wall temperature (T wall = 900 K) is not obvious (Figs. 7b and  8b ). However, one can observe in Fig. 8b that, between t = 0.003 s and t = 0.005 s, the flame curvature gradually returns to a positive stretch, probably because of the supportive effect of the non-slip condition and wall temperature on the flame speed in the tube. In fact, as seen in Fig. 13 , such a flame behavior occurs due to the positive support of the pressure field in the flame upstream, pushing the flame front downstream.
Non-slip condition and pressure
Finally, by comparing Figs. 13 and 15 , we can infer that imposing the non-slip wall condition increases the level of the critical accumulated pressure (from 1.11 to 1.17) and also the pressure gradient between the closed end and the open one (from ∼ 0.02 to ∼ 0.03) required to deform the flame front curvature in the tube. This is in accord with the analysis presented in Fig. 9 . It can be understood from Figs. 11 to 15 that increasing the wall temperature and imposing a non-slip wall condition can increase the critical pressure required for flame front deformation due to their effect on the pressure field upstream. In fact, as reported previously [4, 44] , the cold wall is principally responsible for decreasing to pressure upstream of the flame, due to the condensing water vapor of the combustion products. This phenomenon intensifies the positive pressure gradient between the closed end and the open one in the tube, which can lead to the flame deformation from a positively stretched flame front to a negatively stretched. Therefore, it can be concluded that imposing the nonslip condition and simultaneously increasing the wall temperature can reduce this effect in the tubes by reducing the cooling effect of the wall temperature on the combustion products and also increasing the rate of combustion process in the tube caused by increasing the flame positive stretch in the tubes.
Conclusion
In the present study, the problem of fuel-lean premixed propane-air flame propagation in the early stages of burning in semi-long narrow tubes from the closed to open end for the case of cold and hot isothermal tube walls has been numerically investigated. In this regard, simultaneous effects of the elevated wall temperatures ( 300 K), tube diameter, and slip or non-slip conditions on flame configurations in small scale, one-end-closed tubes/channels have been examined in detail.
The results showed that imposing the non-slip condition on the wall could exponentially increase the flame acceleration in an adiabatic tube, while imposing the slip wall condition could significantly suppress flame acceleration, especially after that the flame skirt touched the walls. Moreover, it was demonstrated that the early stages of burning from a small size kernel in the small size tubes with isothermal walls, independent of either slip or nonslip wall conditions, were comprised of two main regimes of exponential and semi-linear propagation. In this regard, it was shown that although increasing the tube radius had an oscillatory effect on the flame tip position (distance from the closed end) in the isothermal tubes with slip walls, its effect on the flame tip position and its propagation speed in isothermal tubes with non-slip walls was increasing. Also, the results showed that increasing the tube radius could intensify the effect of slip or non-slip conditions on the flame propagation at the early stages of burning. It was seen that increasing the radius of the tubes with slip and elevated temperature isothermal walls disturbed the flame propagation style after touching the wall of tubes with a radius larger than 20L f . We also showed that although increasing the radius of a tube with a non-slip wall intensified the effect of the wall temperature on the flame propagation speed in the tube, it attenuated the effect of the wall temperature on the flame propagation speed in the tubes with the slip walls. Unlike tubes with non-slip walls, we could observe that the effect of wall temperature on the flame surface and curvature in the tubes with slip walls was decreased by increasing the tube radius. Also, it was shown that although increasing the non-slip wall temperature had an increasing effect on the flame propagation speed in the exponential part, it had a decreasing effect on the linear part of the flame acceleration at the early stages of burning in the isothermal wall tubes with non-slip wall condition. Moreover, unlike the isothermal tubes with non-slip walls, increasing the wall temperature in the isothermal wall tubes with slip wall conditions had an oscillatory effect on the flame acceleration at the early stages of burning in the tubes. Furthermore, it could be inferred that slip and non-slip wall conditions could strongly affect flame propagation speed in the isothermal tubes due to significant effects on the flame shape at the early stages of burning. Unlike the flame propagation style in the tubes with slip walls, it was shown that the flame shape in the tubes with elevated temperature non-slip walls was less sensitive to the effect of wall temperature on the flame shape.
Moreover, we demonstrated that increasing the temperature of a non-slip wall significantly reduced the flame surface and simultaneously increased the flame susceptibility to various instabilities which could lead to extensive wrinkles on the flame surface. As shown, the flame front deformation from a positively stretched flame front to a negatively stretched one occurred when there was enough accumulated pressure in the flame downstream in the tube. Furthermore, it could be inferred that imposing the non-slip wall condition could obviously increase the level of the critical accumulated pressure and the pressure gradient between the closed-end and the opened one in the tubes which were required for deforming the flame front curvature in the tube.
As future work, we suggest that using a detailed chemical mechanism instead of an overall chemistry (as used in this study) can be considered as an approach for a high-fidelity modeling of similar physics in small-size tubes/channels. In fact, using the detailed chemical mechanisms could more precisely predict the flame-wall interactions in small-size tubes/channels where the flame front is exposed to high heat loss rates. Also, adding a thickened wall instead of an infinitely thin isothermal wall which could interact with outer ambient through convective and radiative heat transfer and circulate the heat generated in the combustion zone to the unburned reactive mixture could be applied as an effective parameter for a better modeling of the flame acceleration in the small-scale tubes/channels. implying the mass diffusion fluxes
Thus, we can rewrite Eq. 27 as
to finally get the species conservation as Eq. 9, with
where D kj , the binary diffusion coefficient of the k-th species in the j -th species, can be calculated using the Chapman-Enskog relation [45] as follows:
where σ is the collision diameter inångström, 
with k B = 1.380 648 52 × 10 −23 J/K the Boltzmann constant and ε the Lennard-Jones energy, ε kj = √ ε k ε j .
